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Other	Topics	of	Interest
 Transfer Path Analysis

 Used to characterize vibration sources 
when the forces causing the motion are 
unknown.

 Closely related to the theory covered 
here!

 See references for a starting point.

 Nonlinear Substructuring
 Nonlinear normal mode (NNM) theory

 Frequency-energy dependence
 Relationship to free response, forced 

response

 Internal resonance and modal 
interactions

 Substructuring with strongly nonlinear 
models
 Modal approaches

 Substructuring of Reduced Order Models 
(ROMs)

 NL Substructuring of weakly nonlinear 
systems for structures with joints 10
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References	and	bibliography	for	TPA	(non	exhaustive!)

 1

 2

 3

 4
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Kuether	&	Allen	presented	several	studies	involving	
substructuring	with	nonlinear	reduced	order	models

 Coupling two geometrically nonlinear 
beams at shared rotational DOF
 Free-Interface modes
 Fixed-interface plus constraint modes 

 Coupling geometrically nonlinear beam to 
axial spring element
 Fixed-interface plus constraint modes
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 Coupling two geometrically 
nonlinear plates at continuous 
interface
 Fixed-interface plus 

characteristic constraint 
modes 

See IMAC Paper
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Nonlinear	Substructuring	Results
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Full FEA Model
CBNLROM- 1,000 Hz
NLROM- 4,000 Hz
CBNLROM- 4,000 Hz

NNM 1

*CBNLROM uses CB modes up to 
4,000 Hz to reduce each nonlinear 
beam, then assembles the reduced 
equations.
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 Joints are the most common 
source of nonlinearity in built 
up structures.

 Much of the damping in 
many built up structures 
comes from friction in the 
joints.

 Joints tend to cause 
relatively weak stiffness 
nonlinearities (natural 
frequencies may shift by a 
few percent or less).

 However, they can cause the 
damping to change 
significantly.
 Factor of 2-4 changes in 

damping have been 
observed!

Nonlinearity	due	to	Joints
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So	far,	weakly	nonlinear	models	seem	to	work	quite	well	for	
this	type	of	structure.
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For more detail, see:

R. L. Mayes, B. R. Pacini, and D. R. Roettgen, "A Modal Model to 
Simulate Typical Structural Dynamic Nonlinearity," in 34th 
International Modal Analysis Conference (IMAC XXXIV) Orlando, 
Florida, 2016

Session 21   (Tuesday Early Morning), 9:00 AM, Paper #121
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Substructuring	can	be	adapted	to	couple	nonlinear	modal	
models	(instead	of	physical	models).

 Again the linear systems are 
assembled and the joints are 
replaced with joint forces, now 
between each modal DOF and 
ground.
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Substructuring	Predictions:	Nonlinear

 Response of Mass 5 shown: Modal Substructuring Prediction and 
True Response computed by directly assembling EOM.
 Damping seems to be correct over a range of response amplitude.

 The responses de-phase after a long time, but frequency is still quite 
accurate.
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Comparison:	Nonlinear	&	Linear	Models,	F0=500

 For reference, the substructure prediction is compared to a linear 
prediction based on the low-amplitude modal properties.
 The RMS response at this load level is over-predicted by 100% (a factor 

of 2!)

0 20 40
-1.5

-1

-0.5

0

0.5

1

1.5

0 200 400 600 800 1000 1200 1400 1600
-1.5

-1

-0.5

0

0.5

1

1.5

Time (s)

R
es

p
o

n
se

 (
m

/s
)

Transient Response, F=500

 

 

Substructure Pred.

LinearApprox

1500 1550 1600
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

For the whole story, see:

M. S. Allen, D. R. Roettgen, D. C. Kammer, and R. L. Mayes, 
"Experimental Modal Substructuring with Nonlinear Modal Iwan 
Models to Capture Nonlinear Subcomponent Damping," in 34th 
International Modal Analysis Conference (IMAC XXXIV) Orlando, 
Florida, 2016.

Session 21 (Tuesday Early Morning), 9:20 AM, Paper #334
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Concluding	Remarks

 While many of the classical concepts involved in 
substructuring have been around for decades, experimental-
analytical substructuring is an area ripe for discovery!
 Better experimental methods are still needed

 Extensions to weakly and strongly nonlinear systems

 Transfer Path Analysis (TPA) and force reconstruction

 etc…

 We hope you have enjoyed the course and welcome any 
feedback that you may have!


